The long-standing problem of finding coherent states for the (bound state portion of the) hydrogen atom is positively resolved. The states in question: (i) are normalized and parameterized continuously,
where [a, a † ] = 1 as usual. Here |n , n = 0, 1, 2, . . ., denote normalized eigenstates of the number operator N , N |n = n|n , which may be identified with the eigenstates of the harmonic oscillator Hamiltonian H 0 = ωN = ωa † a (h = 1). As such it follows that e −iH 0 t |z = e − z n e −inωt √ n! |n = |e −iωt z
illustrating the fact that the time evolution of any such coherent state remains within the family of coherent states; we shall refer to the property embodied in (2) as temporal stability of the coherent states under H 0 , or, more briefly, just as temporal stability.
Furthermore, these states are evidently continuous in their label z = x + iy and admit a resolution of unity given by
integrated over I C. Continuity in the labels plus a resolution of unity establish that the set {|z } is a set of coherent states in the modern sense of the term. 3 Giving up the group
Of course, there exist many other sets of states, which we also refer to as coherent states, that are continuous in their labels and admit a resolution of unity. Such states may, for example, take the form, for all ζ ∈ I C, given by
where M is chosen so that ζ|ζ = 1, so long as a positive weight k exists such that when integrated over the plane (ζ = ξ + iη)
Evidently e −iH 0 t |ζ = |e −iωt ζ holds for all ζ ∈ I C for this alternative set of states just as well. To ensure (5) it suffices to have
and to generate such examples it is easiest to choose ρ first. 4 As one example of such a set of alternative coherent states for the harmonic oscillator we offer ρ(u) = e − √ u /2, with ρ n = (2n + 1)! and M 2 (u) = √ u/ sinh √ u. Do not look for a transitively acting group or one up to a factor [as in (1) 
Covering-space formulation
As one further generalization we wish to extend the polar coordinates r, θ (z ≡ re iθ ), where 0 ≤ r < ∞, −π < θ ≤ π, to their covering space, namely the domain 0 ≤ r < ∞, −∞ < θ < ∞. To this end we introduce
(r n e inθ / √ ρ n )|n (7) and a measure ν(r, θ) defined by
It follows that the states |r, θ are continuous in r and θ, and admit the resolution of unity 1 1 = |r, θ r, θ| dν(r, θ).
Evidently exp(−iH 0 t) |r, θ = |r, θ − ωt , which is how temporal stability appears in the present notation.
Relaxing the functional dependence
Prior to considering coherent states for the hydrogen atom, we first analyze a simpler, yet related example. In particular, we consider a single degree of freedom system with a Hamiltonian given by H 1 ≡ −ω/(N + 1) 2 , namely one with eigenvalues E n ≡ −ω/(n + 1) 2 , n = 0, 1, 2, . . .. As coherent states for this example we choose
where each state |n obeys H 1 |n = E n |n . Clearly, the states |s, γ are continuous and fulfill 1 1 = |s, γ s, γ| dν(s, γ) .
It is trivial to observe that
establishing that the states in question exhibit temporal stability for H 1 . The states defined by (10) apply to a wide variety of choices for ρ(u) and its moments ρ n , n = 0, 1, 2, . . . . Perhaps one of the simplest examples of such coherent states arises when we choose ρ(u) = e −u , ρ n = n!, and M (s 2 ) = exp(−s 2 /2), in which case 
Hydrogen-atom coherent states
We now finally turn to the (bound state part of the) hydrogen atom. 6 We characterize this example by a Hamiltonian H with spectrum E n = − − ω/(n + 1) 2 , n = 0, 1, 2, . . ., ω = me 4 /2, and with a degeneracy of each level given by (n + 1) 2 , which in turn is spanned, for example, by standard angular momentum states |ℓm , 0 ≤ ℓ ≤ n, 
which for each n ≥ 0 is the unit operator when acting in an angular momentum subspace in which 0 ≤ ℓ ≤ n. Observer, for all n ≥ 1, that the subspace in question carries a reducible representation of the rotation group with a total dimensionality of n ℓ=0 (2ℓ + 1) = (n + 1) 2 .
The appropriate coherent states for the hydrogen atom are then given by
The coherent states in question are evidently continuous and furthermore satisfy (dΩ ≡ sin θ dθ dφ dψ/8π 2 )
We extend the definition of the number operator N so that
in which case the hydrogen-atom Hamiltonian reads H = −ω/(N + 1) 2 , ω = me 4 /2. It follows that e −iHt |s, γ, Ω = |s, γ + ωt, Ω
demonstrating that the states in question have temporal stability. Thus we have established our goal of exhibiting coherent states with the required continuity and resolution of unity for the hydrogen atom, and which also exhibit temporal stability. Moreover, this goal has been realized for a multitude of possible coherent-state sets based on various choices of the weight ρ(u).
Finally, we turn our attention to exhibiting the hydrogen-atom coherent statesat least as much as possible-by way of their configuration-space representation. Recall the standard spherical-coordinate representation of hydrogen-atom eigenstates |n+1ℓm
given by 8
Here u ℓ n+1 denotes the usual radial hydrogen-atom eigenfunctions, while Y ℓm are the standard angular momentum eigenfunctions. In turn,
Finally
Furthermore, in units where ω = 1, the radial eigenfunctions are given by
where
(25) and F (−n + ℓ, 2ℓ + 2, z)
which has a last nonvanishing coefficient for z n−ℓ .
Armed with this coordinate-space representation of the coherent states one may, if desired, begin to choose an "optimal" weight function ρ, e.g., by minimizing the uncertainty product for (r − r ) 2 (p r − p r ) 2 for given values of s and γ, etc. Since different problems may well require different, problem-specific optimizations, we shall not pursue this question further. Instead we conclude by making explicit one example of hydrogen-atom coherent states, namely, those with ρ n = n!, n ≥ 0. In that case 
